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Abstract: In the present work, a modified method is utilized to find the real roots of nonlinear equations of a
single-diode PV cell by combining the modified Aitken's extrapolation method (MAEM), Aitken's extrapolation method
(AEM) and the Newton-Raphson method (NRM), describing, and comparing them. The extrapolation method (MAEM)
and (AEM) in the form of Aitken ∆2–acceleration is applied for improvement the convergence of the iterative method
(Newton-Raphson) technique. Using a new improve to Aitken technique on (NRM) enables one to obtain efficiently the
numerical solution of the single-diode solar cell nonlinear equation. The speed of the proposed method is compared
with two other methods by means of various values of load resistance (R) in the range between R ∈ [1, 5] and with
the given voltage of the cell Vpv as an initial value in ambient temperature. The results showed that the proposed
method (MAEM) is faster than the other methods (AEM and NRM).
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1. Introduction
Photovoltaics, known as PV cells, convert solar

radiation directly into electricity and are manufactured
using solar panels covered with crystalline or
non-crystalline elements, the most important of which is
silicon. There are many types of silicon solar cells: A
monocrystalline silicon cell in its industry, the efficiency
of this type is 16%. A polycrystalline silicon solar cell
with 13 % efficiency. Amorphous cells: In which layers
of silicon are deposited on solar panels, the efficiency of
this type is (3×6) %, and less expensive than the previous
two types[1-15]. The world of spacecraft's and satellites
alone is full of solar applications. Scientists are pushed to
manufacture a new type of solar cell that is not in the
same effective traditional sources, but much cheaper,
more useful, and widely used. Known that solar cells or
photovoltaic cells turn light into electricity and run many

devices from "computers" to computers Satellites and
solar cells "voltaic images", it is an electronic cell
generated electric driving force exposed to light
radiation[16-23]. Thin film solar cells is a solar cell made
of several layers of chips that work by the light effect to
convert solar energy into electrical energy. The thickness
of the layers varies between several nanometers to tens
of microns. So far, combinations of the following
elements have proven their usefulness in exploiting the
effect of a voltage light to produce an electric current
from the falling sunlight. These elements follow group I
(alkaline elements), group III (terrestrial alkaline
elements), and group VI, according to the periodic table
of elements[24-40]. Numerical methods are emerging in
mathematical research and they have a wide range in
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many applications in engineering and sciences such as
optimal control problems, integral equations, and
fractional differential equations, etc[41-58].

The goal of the present work is to describe a new
method in order to find the real roots of single-diode
nonlinear equation of the solar cells. It is organized as
follows: section 2 characterizing the analytical model of
a single-diode design of the photovoltaic cell; Section 3
establishing the root finding NRM, AEM and MAEM;

section 4 results and discussion; section 5 conclusions of
the obtained results. All the results are obtained using
Matlab 2019.

2. Characteristics of Single-Diode
Solar Cells Equation

The simple equivalent electric circuit of a PV cell
shown in Figure 1.

Figure 1. Equivalent-circuit of single-diode model.

Using Kiechoff's current law for the current I, the
equation of this equivalent circuit is given by

� � ��t � �� (1)

�� � �� �
���t
��� � � (2)

� � ��t � �� �
���t
��� � � (3)

where:
��t is the photocurrent (A); �� is reverse saturation

current of the diode (�) ; I and ��t are the delivered

current and voltage, respectively (�) ; �� �
��
�
�

��2玜큦 � is thermic voltage � 27玜 ≅ 26 mV at (� �

2玜 oC Air-Mass = 1.5); m is the recombination factor

closeness to an ideal diode ( � � � � �玜) , � is

Boltzmann constant � �h� � ���2h��� ; � is p-n

junction temperature (�) ; q is the electron

charge� �6 � ����큦 �.

��t � ��t (4)

�� � �� � �
��
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Merge Eq. 4 in Eq. 5 we get

��t � ����2 �
��

�2���26 � � � �
�

(6)

where � ideally factor � � � � 2 , �� reverse

saturation current= ����2�. In parallel, �� � ��t � �
Eq. 6 can be applied to determine � of the cell

mathematically with the first derivative of this equation.

3. Analysis of the Mathematical
Methods
3.1 Newton-Raphson Method (NRM)

It is an effective algorithm to find real dependent
roots. Therefore, it is an example of root finding
algorithms. It can be used to find the upper and lower
limits of such functions, by finding the roots of the first
derivative of the function. The geometric interpretation is
as follows: we choose a maximum value close to the
"root of the equation". We change the graphical
representation by tangent and calculating the
approximate zero. Zero tangent is an approximate value
of the root of the equation, and then can be recalculated
to get a closer solution to the root. In practice: operations
for �� ��� �t � �� a defined and derivative function on
the field ��� �t choose a nominal value of �� (the closer
it is to the solution, the better). Determine by reference
for each natural integer �

�� � �� �
� �� ��(��)

��(��)
���

then (7)

��t� � �� �
f(xn)
f�(xn)

(8)

where �� (��) is the derived function of the �(��)
function.

We can show that if �� (��) is a continuous function
and the unknown root α is isolated, then there is an
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adjacent to � where all the starting values of �� for the
neighborhood, the successive �� approach the �
Moreover, if � �(�) � �, the quadratic convergence, i.e.,
the number of integers is almost doubled at each stage.

This process is repeated until the convergence
criterion is satisfied:

�� � ���� � � (10)
It is apparent that for every approximation ���� ,

a better one (��) of the actual solution �� can be achieved
through Eq. 6, �� is at the intersection of the function's
tangent at ���� and axis �.

3.2 Aitken's Method (AEM)

In numerical analysis, the Aitken squared delta
operation or Aitken Extrapolation is a sequential
acceleration method, used to accelerate the sequence
convergence rate. It is named after Alexander Aitken,
who introduced this method in 1926.

In general, let the sequence { ��� }can be
described by

��� � ��t2 �
��t2���t� 2

��t2�2���t�t��
� � �� �� 2� � (11)

for acceleration the convergence of Eq. 11 can be
written as

��� � �� �
��t���� 2

��t2�2���t�t��
� � �� �� 2� � (12)

3.3 Modified Aitken's Method (MAEM)

For a given ��

��� � �2 �
�2 � �� 2

�2 � 2 � �� t ��

��� � �h �
�h � �2 2

�h � 2 � �2 t ��

��2 � �� �
�� � �h 2

�� � 2 � �h t �2
Define the improve value of ��� using

��� � ��2 �
��2 � ��� 2

��2 � 2 � ��� t ���
In general, {���}can be defined by

���� � ���t2 �
���t2����t� 2

���t2�2����t�t���
� � �� �� 2� � (13)

The above equation is the proposed method used to
improve (AEM).

The procedure of NRM obtain in the following
steps:

INPUT initial approximation solution �� � �,

tolerance  � ���큦 , maximum number of iterations �, �,
��.

OUTPUT approximate solution ��t�
Step 1: Set � � �
Step 2: Calculate ��t� � �� �

�(��)
�� (��)

for � �

�� �� 2� �

Step 3: If �� � ���� � �; then go to Step 6
Step 4: Set �� � �
Step 5: � � � t �, � � � t �, go back to Step 2.
Step 6: OUTPUT ��t� and stop iteration.
The procedure of AEM obtain in the following

steps:
Given: ��,  � ���큦, �, �, ��
Step 1: For � � � to 2

Step 2: Calculate ��� � ���t2 �
(���t2����t�)2

���t2�2����t�t���
for

� � �� �� 2� �

Step 3: If �(��) � � or f(��) � �, then go to Step 6
Step 4: Set ���t� � ���
Step 5: � � � t �, � � � t �, go back to Step 2.
Step 6: OUTPUT ��t� and stop iteration.
The procedure of MAEM obtain in the following

steps
Given: ��,  � ���큦, �, �, ��
Step 1: For � � � to 2
Step 2: Calculate ���� � ���t2 �

(���t2����t�)2

���t2�2����t�t���
for

� � �� �� 2� �
Step 3: If �(��) � � or �(��) � �, then go to Step

6
Step 4: Set ���t� � ���
Step 5: � � � t �, � � � t �, go back to Step 2.
Step 6: OUTPUT ��t� and stop iteration.

4. Results and Discussion
Consider the Eq. 1 is modeled in the form

single-diode PV cell has obtained the following
approximate solutions and the three different methods
are applied with the initial value x� � � . In Table 1 the
methods NRM, AEM and MAEM with the comparison
of the solution results is given and listed in the last
column of this table when the load resistance � � �.
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Iterations Vpv-NRM Vpv-AEM Vpv-MAEM -NRM -AEM -MAEM

1 1 0.947037857 0.923295275 0.028583139 0.017025128 0.000872141

2 0.971416861 0.930012729 0.922434735 0.024684255 0.00674158 1.16004e��玜

3 0.946732606 0.923271149 0.922423137 0.0168669 0.000836792 2.03466e��큦

4 0.929865706 0.922434357 0.922423135 0.006617812 1.12208e��玜 1.11022e��6

5 0.923247893 0.922423136 0.922423135 0.000813893 1.96644e��큦 0.000000000

6 0.922434 0.922423135 1.08636���玜 1.11022���6

7 0.922423136 0.922423135 1.9025���큦 0.000000000

8 0.922423135 1.11022���6

9 0.922423135 0.000000000

Table 1. The  for � of PV cell with � � � by comparison with three different methods.

Figure 3 Presents the obtained solutions of the study result.

Figure 3. Obtained solutions of the study result.

The obtained solution plot in the (no of
iteration-  )-plane proves that the proposed method
(MAEM) have small iterations compared with the other
method. Parallel to this feature, it is also noted that the
proposed method (MAEM) has a behavior of the solution
in the initial value �� � � has the smallest error

tolerance compared with (NRM) and (AEM).
In Table 2 the methods NRM, AEM and MAEM

with the comparison of the solution results is given and
listed in the last column of this table when the load
resistance R � 2.

Iterations Vpv-NRM Vpv-AEM Vpv-MAEM -NRM -AEM -MAEM

1 1 0.945750417 0.918514964 0.082964618 0.028715034 0.001479582

2 0.971030472 0.927013023 0.917068978 0.05399509 0.009977641 3.35954e-05

3 0.945421967 0.918476227 0.9170354 0.028386584 0.001440844 1.72333e-08

4 0.926834477 0.917067904 0.917035382 0.009799094 3.25215e-05 4.44089e-15

5 0.918438746 0.917035399 0.917035382 0.001403363 1.66577e-08 0.000000000

6 0.917066885 0.917035382 3.15024e-05 4.32987e-15

7 0.917035399 0.917035382 1.61176e-08 0.000000000

8 0.917035382 4.21885e-15

9 0.917035382 0.000000000
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Table 2. The  for � of PV cell with � � 2 by comparison with three different methods.

Figure 4 Presents the obtained solutions of the study result.

Figure 4. Obtained solutions of the study result.

In Table 3 the methods NRM, AEM and MAEM
with the comparison of the solution results is given and

listed in the last column of this table when the load
resistance � � h.

Iterations ��ᢲ-NRM ��ᢲ-AEM ��ᢲ-MAEM -NRM -AEM -MAEM

1 1 0.944437431 0.913001883 0.089596626 0.034034057 0.002598509

2 0.970643792 0.92381119 0.910507557 0.060240418 0.013407816 0.000104183

3 0.944084232 0.912938978 0.910403542 0.033680858 0.002535604 1.68226e-07

4 0.923594243 0.910504334 0.910403374 0.013190869 0.00010096 4.35763e-13

5 0.91287784 0.910403537 0.910403374 0.002474466 1.62655e-07 0.000000000

6 0.910501262 0.910403374 9.78883e-05 4.21219e-13

7 0.910403531 0.910403374 1.57417e-07 0.000000000

8 0.910403374 4.07563e-13

9 0.910403374 0.000000000

Table 3. The  for � of PV cell with � � h by comparison with three different methods.

Figure 5 Presents the obtained solutions of the study result.

Figure 5. Obtained solutions of the study result.

In Table 4 the methods NRM, AEM and MAEM
with the comparison of the solution results is given and

listed in the last column of this table when the load
resistance � � �.
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Iterations ��ᢲ-NRM ��ᢲ-AEM ��ᢲ-MAEM -NRM -AEM -MAEM

1 1 0.943098312 0.906551123 0.0982594 0.04135771 0.004810521

2 0.970256822 0.92038679 0.902098041 0.06851622 0.018646188 0.000357439

3 0.94271872 0.90644763 0.901742631 0.04097812 0.004707028 2.02884e-06

4 0.920123009 0.90208766 0.901740602 0.01838241 0.000347058 6.48303e-11

5 0.906346494 0.901742565 0.901740602 0.00460589 1.963e-06 0.000000000

6 0.902077706 0.901740602 0.0003371 6.26942e-11

7 0.901742503 0.901740602 1.9009e-06 0.000000000

8 0.901740602 6.0691e-11

9 0.901740602 0.000000000

Table 4. The  for � of PV cell with � � � by comparison with three different methods.

Figure 6 Presents the obtained solutions of the study result.

Figure 6. Obtained solutions of the study result.

In Table 5 the methods NRM, AEM and MAEM
with the comparison of the solution results is given and

listed in the last column of this table when the load
resistance � � 玜.

Iterations ��ᢲ-NRM ��ᢲ-AEM ��ᢲ-MAEM -NRM -AEM -MAEM

1 1 0.941732458 0.898878597 0.110907285 0.052639743 0.009785882

2 0.96986956 0.916716819 0.890549442 0.080776845 0.027624104 0.001456728

3 0.941324731 0.898705719 0.889127855 0.052232016 0.009613004 3.51407e-05

4 0.916395843 0.890512633 0.889092735 0.027303128 0.001419918 2.04552e-08

5 0.898535645 0.889126783 0.889092715 0.00944293 3.40681e-05 6.88338e-15

6 0.890477009 0.889092735 0.889092715 0.001384294 1.98038e-08 0.000000000

7 0.889125763 0.889092715 3.30483e-05 6.66134e-15

8 0.889092734 0.889092715 1.91907e-08 0.000000000

9 0.889092715 6.43929e-15

10 0.889092715 0.000000000

Table 5. The  for � of PV cell with � � 玜 by comparison with three different methods.

Figure 7 Presents the obtained solutions of the study result.
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Figure 7. Obtained solutions of the study result.

Results of tables 1 to 5 are showing that the
suggested method (MAEM) are having low error after
relatively view iterations are computed, and this in turn
is demonstrating their efficiency.

5. Conclusion
In this paper, we give three numerical solutions for

Mathematical model of the single-diode PV cells. The
main advantage of the developed method is simplicity
and high accurate approximate solution is achieved using
a few numbers of iterations. The obtained numerical
results are comparing with some other methods.
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